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Visualising differential forms

k-form: something that can be integrated over oriented
k-submanifolds
Geometrical picture (Piponi 1998)
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k-forms↔ codim-k oriented submanifolds
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Wedge product↔ intersection
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Exterior derivative↔ boundary operator
d2 � 0↔ ∂2 � 0
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Hodge duality

α k-form↔ ∗α (n − k)-form,

α ∧ (∗β) � 〈α, β〉ω
(ω n-form, 〈α1 ∧ · · · ∧ αk , β1 ∧ · · · ∧ βk〉 � det(〈αi , βj〉))
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Review of vector calculus

grad f � ∇f �
©«
∂f
∂x
∂f
∂y
∂f
∂z

ª®®¬
curlF � ∇ × F �

©«
∂Fz
∂y −

∂Fy
∂z

∂Fx
∂z −

∂Fz
∂x

∂Fy
∂x −

∂Fx
∂y

ª®®¬
div F � ∇ · F �

∂Fx

∂x
+
∂Fy

∂y
+
∂Fz

∂z

∮
∂S

F · d` �
∬

S
(∇ × F) · dS∯

∂V
F · dS �

∭
V
(∇ · F) dV

Ω0 Ω1 Ω2 Ω3
grad curl div

∮
∂V
F �

∫
V
dF
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Maxwell’s equations

∯
∂V

E · dS �
1
ε0

∭
V
ρ dV∯

∂V
B · dS � 0∮

∂S
E · d` � − d

dt

∬
S

B · dS∮
∂S

B · d` � µ0

(∬
S
J · dS + ε0

d
dt

∬
S
E · dS

)

∇ · E �
ρ

ε0
∇ · B � 0

∇ × E � −∂B
∂t

∇ × B � µ0

(
J + ε0

∂E
∂t

)

E, B each represent two different physical quantities!
(field = 1-form, flux = 2-form)
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Electric field intensity E E 1-form
Magnetic field intensity H H 1-form
Electric flux intensity D D 2-form
Magnetic flux intensity B B 2-form
Electric current density J J 2-form
Electric charge density ρ ρ 3-form

Constitutive relations:
D � ε0 ∗ E
B � µ0 ∗ H

∇ · E �
ρ

ε0
∇ · B � 0

∇ × E � −∂B
∂t

∇ × B � µ0

(
J + ε0

∂E
∂t

)
dD � ρ

dB � 0

dE � −∂B
∂t

dH � J +
∂D
∂t
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Poincaré lemma:

dD � ρ

dB � 0 B � dA Magnetic potential A 1-form

dE � −∂B
∂t

E � −dφ − ∂A
∂t

Electric potential φ 0-form

dH � J +
∂D
∂t

0-form φ

1-form A E H

2-form B 0 D J

3-form 0 ρ 0

−d

−∂t

d
d

ε0∗

d

∂t

d

µ−10 ∗

−∂t

d
d

∂t
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Maxwell’s equations in 4 dimensions

Consider a form ω in R3 as a form in R4: d4ω � d3ω + dt
∂ω
∂t

d4(dt ω) � −dt d3ω

α � A − dt φ Ψ � D + dtH
Φ � B − dt E γ � ρ − dt J

φ

A E H

B 0 D J

0 ρ 0

α Φ 0 Ψ γ 0

−d
−∂t

d
d

ε0∗

d
∂t

d

µ−10 ∗

−∂t

d
d

∂t

d d d d
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Problems with classical electromagnetism

Lorentz force: m ∂v
∂t � q(E + v × B)

Speed of light: c �
1√
ε0µ0

Singularities in the electromagnetic field

Ang Yan Sheng Differential Geometry and Electromagnetism 11 / 23



Special relativity

Postulates:
The laws of physics are the same for two observers moving at
constant velocity relative to each other.
The speed of light is a constant, independent of the state of
motion of the light source.

Coordinates: x � (ct , x , y , z) � (x0 , x1 , x2 , x3)
Coordinate transform between inertial frames: x′ � Ax
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Lorentz transformations
Speed of light: (η � diag(1,−1,−1,−1))

x′2 + y′2 + z′2 � c2t′2 ⇐⇒ x2 + y2 + z2 � c2t2

xAηATxT
� 0 ⇐⇒ xηxT

� 0

AηAT
� aη

Take two moving reference frames:

a(v12) �
a(v1)
a(v2)

�⇒ a constant �⇒ a ≡ 1

〈x, x̃〉 � xηx̃T � gijx i x̃ j covariant metric
(ds2 � c2dt2 − dx2 − dy2 − dz2 covariant);

A ∈ SO(1, 3) �
〈
SO(3),

©«
γ γv/c

γv/c γ
1

1

ª®®®¬
〉
(γ �

1√
1 − v2

c2

)
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Relativistic mechanics

Consider a particle moving on the path

Γ(θ) � (ct(θ), x(θ), y(θ), z(θ))
relative to rest frame (ct , x , y , z).
Fix point on Γ, take comoving frame (ct′, x′, y′, z′):

c2dt′2 � c2dt2 − dx2 − dy2 − dz2

�⇒ dt′ �

√
1 − v2

c2
dt �

dt
γ

Hence proper time τ(θ) B
∫ t
t0

dt
γ is invariant.

Note that

dτ �
ds
c

�
dt
γ
,

dt
dτ

� γ,
dx
dτ

� γ
dx
dt
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4-vectors

Vectors which transform like the position vector:
4-position (ct , x , y , z) � (x0 , x1 , x2 , x3)
4-velocity ui � dxi

dτ

u � (γc, γ dx
dt , γ

dy
dt , γ

dz
dt )

〈u, u〉 � c2

4-momentum Pi � mui
4-acceleration dui

dτ

4-force dPi
dτ

. . .
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Review of Lagrangian mechanics

Principle of least action: physical path taken is stationary point
of action functional

S �

∫ b

a
L(x i , Ûx i , θ) dθ,

where dot stands for ∂
∂θ

Euler-Lagrange equations:
d
dθ

∂L
∂Ûxi
− ∂L
∂xi

� 0

If S is invariant, solution trajectory is covariant
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Example 1

S �

∫
−mc ds

�

∫
−mc

√
v ivi dθ (vi �

dx i

dθ
)

Euler-Lagrange:
d
dθ

∂L
∂vi

�
∂L
∂xi

d
dθ

mc
v i√
v ivi

� 0

Parametrise such that θ→ τ on trajectory:

v i → ui ,
√
v ivi → c

mui � const
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Example 2

Let A B Ajdx j be a 1-form:

S �

∫ (
−mc ds − q

c
Aj dx j

)
� −

∫ (
mc

√
v ivi +

q
c
Ajv j

)
dθ (vi �

dx i

dθ
)

Euler-Lagrange:
d
dθ

∂L
∂vi

�
∂L
∂xi

d
dθ

(
mc

v i√
v ivi

+
q
c
Ai

)
�

q
c
∂Aj

∂xi
vj

Parametrise such that θ→ τ on trajectory:

m
dui

dτ
�

q
c

(
∂Aj

∂xi
− ∂A

i

∂xj

)
uj
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m
dui

dτ
�

q
c
F ijuj , F ij

�
∂Aj

∂xi
− ∂A

i

∂xj

Write u � (γc, γ dx
dt , γ

dy
dt , γ

dz
dt ) � (u0 , ®u) � γ(c, ®v):

m
d®u
dτ

�
q
c
©«−u0 ©«

F01

F02

F03

ª®¬ − ©«
F21u2 − F13u3
F32u3 − F21u1
F13u1 − F32u2

ª®¬ª®¬
� q ©«u0c ©«

F01
F02
F03

ª®¬ + ®u × ©«
F32/c
F13/c
F21/c

ª®¬ª®¬
� γq(E + ®v × B).

(Fij) �
©«

0 Ex Ey Ez
−Ex 0 −cBz cBy
−Ey cBz 0 −cBx
−Ez −cBy cBx 0

ª®®®¬ electromagnetic tensor

Ang Yan Sheng Differential Geometry and Electromagnetism 19 / 23



E � (F01 , F02 , F03) cB � (F32 , F13 , F21)
E � F01dx1 + · · · −cB � F23dx2dx3 + · · ·

F B d4A � d4(Aidx i)

�

∑
i<j

(
∂Aj

∂x i
− ∂Ai

∂x j

)
dx i dx j

�

∑
i<j

Fijdx i dx j � dx0E − cB

Hence we can take A � dx0φ − cA.
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∗3dx1 � dx2dx3 ∗dx1 � dx0dx2dx3 ∗dx0dx1 � −dx2dx3

∗3dx1dx2 � dx3 ∗dx1dx2 � dx0dx3 ∗dx0dx1dx2 � dx3

∗F � ∗(dx0E − cB)
� −c dx0 ∗3 B − ∗3E

� −
√
µ0

ε0
(dx0H + cD)

A � dx0φ − cA G � −dx0H − cD
F � dx0E − cB J � dx0J − cρ

A F 0 G J 0d d

√
µ0/ε0∗

d d

4-potential Ai � (φ, cA), 4-current (−∗J)i � (cρ, J)
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Maxwell’s equations in relativity

d4F � 0

d4∗F �

√
µ0

ε0
J
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