Differential Geometry and Electromagnetism
MA5216 Presentation

Ang Yan Sheng
A0144836Y

Apr 2018

Ang Yan Sheng Differential Geometry and Electromagnetism



Visualising differential forms

@ k-form: something that can be integrated over oriented
k-submanifolds

@ Geometrical picture (Piponi 1998)
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k-forms <> codim-k oriented submanifolds
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Wedge product < intersection
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dx y dx d(y dx)

Exterior derivative <> boundary operator
d?=0e92=0
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Hodge duality

a k-form < =a (n — k)-form,

aA@xp)=(a,pfw

(w n-form, {ay A=+ Aak, B1 A=+ A Pg) = det(ai, B)))

b's X
y dx +(ydx) =ydy Adz
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Review of vector calculus

If
g
gradf = Vf = I
Jf
Jz
o j{F de = /(VXF) ds
Z 7z
curlF =V xF = 7z # F-dS= //(v F)av
2y _ 9 v
ox ady
8FX aFy an
divF=V-F= + =+
W ox dy 0z
Qo 5% ) 2 0, 2 0 5157-': / dF
ov v
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Maxwell’s equations

#Eds——///pdv v.E< P

€o
#B-dszo V-B=0
A%

oB
j[E-df:—i//B-ds VXE=-3F
S

VXxB= [Jo(J-i-éan)

fsdf yO// -dS + eg— // -dS ot

E, B each represent two different physical quantities!
(field = 1-form, flux = 2-form)
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Electric field intensity E &
Magnetic field intensity H H

Electric flux intensity D O 2-form
Magnetic flux intensity B B
Electric currentdensity J 9
p P

Electric charge density 3-form
Constitutive relati =cord
onstitutive relations:
B = Ho *H
p
V-E=— -
o dD =p
v . B = 0 dB = 0
JB __98
VXE= _W dé = ot .
E —
VXB:yo(J+€o%—t) dH =T +—-
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Poincaré lemma:

dD =p
dB8=0 B=dA Magnetic potential A 1-form
d&é = _%_2: E=-do - %_ft( Electric potential ¢  0-form
D
dH = j + W
0-form ¢
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Maxwell’s equations in 4 dimensions

J
daw = daw + At 22

d4(dt CL)) = —dt dsa)

Consider a form w in R® as a form in R*:

a=A-dt W=D+dtH
O=8B-dt& y=p-dtg
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Problems with classical electromagnetism

@ Lorentz force: m% =q(E+v xB)

1
Veoto
@ Singularities in the electromagnetic field

@ Speed of light: ¢ =
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Special relativity

Postulates:

@ The laws of physics are the same for two observers moving at
constant velocity relative to each other.

@ The speed of light is a constant, independent of the state of
motion of the light source.

Coordinates: x = (ct, x,y,z) = (x°,x', x?, x%)
Coordinate transform between inertial frames: x’ = Ax
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Lorentz transformations

Speed of light: (n = diag(1,-1,—-1,-1))
X2 +y?+22=c*? = x*+y?+22 =%
xAnA™x" =0 & xnx’ =0
AnAT = ap
Take two moving reference frames:
a(v1)

a(vo)

(x,X) = xnX" = g;x'%/ covariant metric
(ds? = c?dt? — dx? — dy? — dz? covariant);

— gconstant — a =1

a(vip) =

y yv/e
Acs0(,9)=(s0@),|"° 7 |) o= :
1_2

1 c?

1

)

Ang Yan Sheng Differential Geometry and Electromagnetism 13/23



Relativistic mechanics

Consider a particle moving on the path

[(6) = (ct(0),x(0),y(0),2(0))
relative to rest frame (ct, x, y, z).

Fix point on I', take comoving frame (ct’, x’, y’, Z’):

c?dt’? = c?dt? — dx® — dy? — dz?

2
— dt’=w/1—v—2dt:ﬂ
c %

Hence proper time 7(0) := /tot% is invariant.
Note that

dt =

ds dt at dx  dx
c vy ar Vgt Va
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4-vectors

Vectors which transform like the position vector:

@ 4-position (ct,x,y,z) = (x°,x',x2,x3)
4-velocity u; = ZX’

e u=(yc, thrydtrydt)
o (uu)=c?

4-momentum P; = mu;

4-acceleration d”’

dap;

4-force s
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Review of Lagrangian mechanics

@ Principle of least action: physical path taken is stationary point
of action functional

b
S = / L(x',x',6)do,
a

where dot stands for %
@ Euler-Lagrange equations:
d dL dL

dOJ%  ox
@ If S is invariant, solution trajectory is covariant
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Example 1

S = /—mcds

i
= /—mcx/v"v,-de (vi = dl)

do
Euler-Lagrange:

oL _aL
do 8v,~ B 8X,'
i
imc Y =0

do ‘/Vivi

Parametrise such that 6 — 7 on trajectory:

Vi > J, Vv —>ec

mu' = const
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Example 2

Let A := A;dx be a 1-form:
S= /(—mcds - gAj dxj)
dx’

= —/(mcx/v"v,- + gAjv/) do (vi = %)

Euler-Lagrange:
ddL dL

dodv; ~ ax
i . J
d (mc v +qA’) _9A

cax '

do /Vivi c
Parametrise such that 6 — 7 on trajectory:
au’  q (dA OA
m—==|=—-=—|y
dt  c\dx; 9x
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i g, j_ 0N OA
Mo = o 4 F= o Ix
Write u = (yc, 7%,y %,y %) = (up, T) = y(c, V):

FOU\  (F2'up — F13ug

m(%:g —uo | FO? | = [ F32uz — F?uy
T C F03 F13y, — F32y,
Uo Fo1 Fs2/c
=q| o | Fo +Ux|Fis/c
Fos Fa1/c

= yq(E + vV X B).

0O E E E
| —Ex 0 -cB, c¢cB,
-E, —¢B, ¢B, 0

electromagnetic tensor
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E = (Fo1, Fo2, Fo3) cB = (Fa2, Fi3, F21)
& = Fordx! +--- 0B = Fagdx®ax® + - -

F = d4A = dy(Aidx")

OA;
=) (—’ = %) ax’ ax!
ox’

I<]

= ) Fjox' axl = dx°& - cB

i<j

Hence we can take A = dx%¢ — cA.
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xadx! = dx2dx®  xdx' = dxax®dx®  xdx%dx! = —dx2dx®

saax'ax? = dx®  sdx'dx® = dx%x®  +dxdx'dx® = dx®

+F = #(dx°E - cB)
= —CdXO *3 B - *38

= — B2 H + D)
€o
A=dx’ —cA G=-dx"H -cD
F =dx’& —cB J=adx°F —cp
AL FE S0 6 LHyuDo
‘\/Ho—/_fof

4-potential A" = (¢, cA), 4-current (—+J)' = (cp, J)
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dsF =0
Ho

dyxF =

J
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